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Abstract. In this note, we study the mod p behavior of Kato’s Euler systems and fine
Selmer groups for an elliptic curve with good reduction at a prime p ≥ 5. We show that
we observe a version of the λ-invariant formula for fine Selmer groups for congruent elliptic
curves holds, as in the work of Greenberg–Vatsal, and formulate a mod p version of Kato’s
main conjecture.

1. Introduction

The goal of this article is to understand a refined aspect of Iwasawa theory of elliptic curves
with good reduction from the point of view of the associated residual representations.

1.1. Variation of Iwasawa invariants in congruent families. Let E1 and E2 be elliptic
curves defined over Q such that E1[p] ' E2[p] as irreducible Galois modules, where p is an odd
prime. The curves E1 and E2 are then said to be congruent modulo p. Consider the following
question.

Question 1.1. Which properties and invariants in Iwasawa theory of elliptic curves depend
only on the mod p representation?

From now on, we assume that every mod p representation is a surjective Galois representa-
tion throughout this article (Assumption 2.1).

In the case when the elliptic curves have good ordinary reduction at p, Greenberg–Vatsal
[GV00] prove the following statements for elliptic curves. Let µan and λan be the µ-invariant
and λ-invariant of the p-adic L-function, respectively, while µalg and λalg are those of the
characteristic power series of the dual Selmer group.

(1) If µan = 0 for one elliptic curve, then µan = µalg = 0 for all congruent elliptic curves.
(2) Under µan = 0, the difference of the analytic and the algebraic λ-invariants, λan−λalg is

invariant for congruent elliptic curves. Further, the variation of each of the invariants,
λan and λalg for congruent elliptic curves can be computed in terms of Euler factors.

(3) Under µan = 0, the validity of the main conjecture is invariant for congruent elliptic
curves. This uses the one-sided divisibility result of Kato.

This work has been generalized to Hida families in [EPW06].
When the elliptic curves have supersingular reduction at p ≥ 5, the ±-Iwasawa theory for

elliptic curves with supersingular reduction à la Kobayashi–Pollack [Kob03,Pol03] is available,
and similar results for ±-Selmer groups and ±-p-adic L-functions are proved in [Kim09] and
[GIP]. Let µan,± and λan,± be the Iwasawa invariants of the ±-p-adic L-function, and µalg,±

and λalg,± be those of the characteristic power series of the dual ±-Selmer group.

(1±) If µan,± = 0 for one elliptic curve, then µan,± = µalg,± = 0 for all congruent elliptic
curves.

(2±) Under µan,± = 0, λan,±−λalg,± is invariant for congruent elliptic curves. Further, even
the variation of each λan,± and λalg,± can be computed in terms of Euler factors, for
congruent elliptic curves.
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(3±) Under µan,± = 0, the validity of the ±-main conjecture is invariant for congruent
elliptic curves. Again, this is proved using the one-sided divisibility result of Kato.

In this article, the focus is on Kato’s formulation of the Iwasawa main conjecture [Kat04,
Conjecture 12.10] for elliptic curves with good reduction. Indeed, the first-named author
has also studied the behavior of the Iwasawa modules in Kato’s main conjecture for congruent
elliptic curves in [KLP]. Let µKato and λKato be the Iwasawa µ- and λ-invariants of the quotient
of the first Iwasawa cohomology by Kato’s zeta element [Kat04, Theorem 12.5.(4)], and µfine

and λfine be those of the characteristic power series of the dual fine Selmer group. See [CS06]
for the study of µfine and [Suj11] for a more general description of the µ-invariants. The
following (slightly weaker) results are proved for elliptic curves with good reduction in [KLP].

(1Kato) If µKato = 0 for one elliptic curve, then µKato = µfine = 0 for all congruent elliptic
curves.

(2Kato) Under µKato = 0, λKato − λfine is invariant for congruent elliptic curves.
(3Kato) Under µKato = 0, the validity of Kato’s main conjecture is invariant for congruent

elliptic curves. Again, this is proved using the one-sided divisibility result of Kato.

As we see, (2Kato) does not fully capture the information on how each λ-invariant varies for
congruent elliptic curves although the result in [KLP] is enough to deduce an application to
the Iwasawa main conjecture. The goal of this paper is to study the explicit variation of both
λKato and λfine, i.e. the λ-invariants that occur in (2Kato), see (Theorem 2.9). In other words,
we study an explicit comparison of the variation of λKato and λfine for congruent elliptic curves
under µKato = 0. This points towards a “mod p Iwasawa theory for elliptic curves” and “mod p
main conjectures”, and this conjectural framework is outlined below. Although the comparison
contains an “error” term coming from possibly non-trivial finite Iwasawa submodules of the
dual fine Selmer group, we also analyze the error term in terms of Coleman maps.

1.2. The formulation of the mod p main conjecture “with mod p L-functions”.
In this subsection, we review how the mod p main conjecture “with mod p L-functions” is
formulated in order to motivate our formulation of the mod p main conjecture “without mod
p L-functions”.

The following mod p main conjecture for Hida families is formulated in [EPW06, §1.4].
Let p be a prime ≥ 5. Let Q∞ be the cyclotomic Zp-extension of Q and Qn the subextension

of Q in Q∞ of degree pn. Denote by Λ = ZpJGal(Q∞/Q)K the Iwasawa algebra.
Let Y be a branch of the Hida family of a given (irreducible) mod p representation ρ and

fixed tame level N . Let f ∈ Y be a newform, π a chosen p-adic uniformizer of the Hecke field
of f , and Af the corresponding discrete Galois representation. Following [EPW06, §4.2], there
exists the residual Selmer structure S(f) characterized by SelS(f)(Q∞, ρ) ' Sel(Q∞, Af )[π].
The residual Selmer structure S(f) depends on both ρ and N in general. Under the vanishing
of µ-invariant of Selmer groups, it is known that the algebraic λ-invariants of all members of Y
are all the same, and equal to dimFpSelS(f)(Q∞, ρ), which we denote by λalg(Y ). See [EPW06,
Corollary 2].

On the other hand, the existence of the “mod p L-function” is expected. See [Maz79, §3.4].
The mod p L-function is defined by the mod p reduction of the integral p-adic L-function
constructed in [EPW06, §1.4]. Henceforth, by mod p L-functions, we shall always mean “mod
p, p-adic L-functions”. Note that the mod p L-functions also depend on both ρ and N, in
general.

Let us now set the notation that will be used in the article.

Notation 1.2. (1) For an ordinary elliptic curve E (resp. an ordinary modular form f),
denote by Lp(E) (resp. Lp(f)) the p-adic L-function of E (resp. f), respectively.

(2) For a branch of the Hida family, denote by Lp(Y ) the “two-variable” p-adic L-function
of Y .
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(3) For the ordinary mod p representation E[p] (resp. ρ), denote by Lp(E[p]) (resp. Lp(ρ))
the mod p L-function of E[p] (resp. ρ) which is obtained by the mod p reduction of
the p-adic L-functions.

Under the vanishing of µ-invariant, it is also known that the analytic λ-invariants are
constant along a branch, and we write λan(Y ) = λ(Lp(Y )).

Conjecture 1.3 (Mod p main conjecture for Hida families). With notation as above, the
following statement holds.

(1) the mod p L-function Lp(ρ) of Y is non-zero (i.e. µan(Y ) = 0),

(2) λalg(Y ) is finite, and
(3) λan(Y ) = λalg(Y ).

Remark 1.4. The first statement corresponds to the µ = 0 conjecture for p-adic L-functions.
In the case of elliptic curves, it corresponds to Greenberg’s conjecture [Gre99, Conjecture 1.11],
which says that there exists an elliptic curve in its Q-isogeny class such that the µ-invariant of
the elliptic curve vanishes. The second one is the Λ-torsionness of the dual Selmer group for
all members of Y . The last one is equivalent to the Iwasawa main conjecture for all members
of Y . The key feature is that all these conjectures depend only on the residual representation
ρ and the fixed tame level N .

Let E be an elliptic curve over Q of conductor N with supersingular reduction at a prime
p ≥ 5. Following [EPW06, §4.2] and [Kim09, Definition 2.8], it is easy to see that there exist the
residual Selmer structure S±(E) characterized by SelS±(E)(Q∞, E[p]) ' Sel±(Q∞, E[p∞])[p].

For a cofinitely generated module M , denote by M∨ the Pontryagin dual of M .
Motivated by Conjecture 1.3, the mod p ±-main conjecture for elliptic curves can be for-

mulated without too much effort.

Conjecture 1.5 (Mod p ±-main conjecture). Write L±p (E[p]) = L±p (E) (mod p).

(1) the mod p ±-L-function L±p (E[p]) is non-zero (i.e. µ(L±p (E)) = 0),

(2) λ(Sel±(Q∞, E[p∞])∨) = dimFpSelS±(E)(Q∞, E[p]) is finite, and

(3) λ(L±p (E)) = dimFpSelS±(E)(Q∞, E[p]).

Remark 1.6. As before, the first statement corresponds to the µ = 0 conjecture for ±-p-
adic L-functions. The second one is the Λ-cotorsionness of Sel±(Q∞, E[p∞]). The last one is
equivalent to the usual ±-main conjecture for all elliptic curves whose residual representations
are isomorphic to E[p]. All these conjectures depend only on the residual representation E[p]
and the conductor N again.

We briefly summarize how a variety of earlier congruence results fit naturally in the frame-
work of the mod p L-functions. Consider two normalized Hecke eigenforms whose Fourier
coefficients are congruent modulo p. Then the congruence properties between the special
values of their associated L-functions have been studied. Greenberg and Vatsal consider the
special case of elliptic curves. Suppose E is an elliptic curve over Q and ρ1, ρ2 are two Dirich-
let characters that are congruent modulo p. The congruence properties between the twisted
L-values L(E, ρi, 1) for i = 1, 2 have also been studied [Vat99]. In [SS15], this was extended
to the setting of two new, normalized Hecke eigenforms of weight 2 with residually isomorphic
Galois representations and the twisted L-values obtained by considering twists by Artin repre-
sentations that arise from a dihedral extension, and are congruent modulo p. These methods
were extended to the case of Selmer groups of Galois representations associated with ordinary
Hilbert modular forms by Delbourgo and Lei [DL18].

Viewed through the lens of the mod p L-functions, it becomes clear that in all these cases
the objects of study are the Selmer groups associated with Galois representations that have
the property that the associated residual Galois representations are isomorphic. One may
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then work with this single residual Galois representation and the congruence results may be
interpreted via the associated mod p L-function.

One may want to formulate the mod p version of Kato’s main conjecture, i.e. the “mod p
main conjecture without mod p L-functions” and relate it to these mod p main conjectures with
mod p L-functions. However, it is trickier to formulate the main conjectures with (signed) p-
adic L-functions, since the näıve mod p reduction of the first Iwasawa cohomology of T and the
first Iwasawa cohomology of T/pT differ by the p-torsion of the second Iwasawa cohomology
of T . This requires a more delicate analysis, which is the key feature of §4.3.

Here is the plan of the paper. In §2, we quickly review some preliminaries, recall the relevant
setting, and give the statement of the main theorem (Theorem 2.9). In §3, we give a proof
of Theorem 2.9 on the first and the second invariants. In §4, we recall the relevant results
of B.D. Kim on Selmer groups and present the corresponding results on p-adic L-functions
(c.f. [GIP]). Then we complete the proof of Theorem 2.9 by applying the techniques from
±-Iwasawa theory.

2. The main result and related topics

2.1. Iwasawa cohomology and Selmer groups. Throughout this article, it is assumed
that an elliptic curve E over Q and a prime p > 3 satisfy the following properties.

Assumption 2.1. For any elliptic curve E over Q, we assume that

(1) the mod p representation ρ : Gal(Q/Q)→ AutFp(E[p]) is surjective, and
(2) p does not divide the conductor of E.

For a mod p representation ρ, denote by N(ρ) the prime-to-p Artin conductor of ρ. We say
that the conductor N of an elliptic curve E is minimal with respect to p if N = N(E[p]).

Let Σ be a finite set of places of Q containing p, ∞ and all the bad reduction primes for
E. For a number field F , denote by FΣ the maximal extension of F unramified outside the
primes of F lying above the primes in Σ.

Denote by T the p-adic Tate module of E. For a = 1, 2, the global and local Iwasawa
cohomologies without any restriction are defined by Ha

Iw(QΣ/Q∞, T ) := lim←−n Ha(QΣ/Qn, T )

and Ha
Iw(Q∞,p, T ) := lim←−n Ha(Qn,p, T ) where the inverse limit are taken with respect to the

corestriction maps. Note that Ha
Iw(QΣ/Q∞, T ) depends on the choice of Σ.

Let j : Spec(Qn) → Spec(OQn [1/p]) be the natural map and we use the same notation
for Q∞. For a = 1, 2, the a-th Iwasawa cohomology for T is defined by Ha

Iw(j∗T ) :=
lim←−n Ha

ét(Spec(OQn [1/p]), jn,∗T ) where Ha
ét(Spec(OQn [1/p]), jn,∗T ) is the étale cohomology group

and the inverse limit is taken with respect to the corestriction map. This definition is inde-
pendent of the choice of Σ. It is well-known that H1

Iw(QΣ/Q∞, T ) ' H1
Iw(j∗T ). See [Kur02]

and [Kob03] for details.

Theorem 2.2 (Kato). (1) H2
Iw(j∗T ) is a finitely generated torsion module over Λ.

(2) H1
Iw(j∗T ) is free of rank one over Λ under Assumption 2.1.(1).

Proof. See [Kat04, Theorem 12.4]. �

Let Σ0 ⊆ Σ be a subset of Σ not containing p or ∞. We recall that the Σ0-imprimitive
Selmer group of E over F is defined by

SelΣ0(F,E[p∞]) = ker

H1(FΣ/F,E[p∞])→
∏

`∈Σ\Σ0

H1(F ⊗Q`, E[p∞])

E(F ⊗Q`)⊗Qp/Zp


where H1(FΣ/F,E[p∞]) = H1(Gal(FΣ/F ), E[p∞]). Since p is odd, the local cohomology at
the infinite place is trivial; thus, the use of Σ \ Σ0 is equivalent to the use of Σ \ (Σ0 ∪ {∞})
in the product of local conditions.
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The Σ0-imprimitive fine Selmer group of E over F is defined by SelΣ0
0 (F,E[p∞]) =

ker
(
SelΣ0(F,E[p∞])→ H1(F ⊗Qp, E[p∞])

)
. Over the cyclotomic Zp-extension Q∞ of Q, we

have

SelΣ0(Q∞, E[p∞]) := lim−→n
SelΣ0(Qn, E[p∞]), SelΣ0

0 (Q∞, E[p∞]) := lim−→n
SelΣ0

0 (Qn, E[p∞]).

When Σ0 = ∅, we recover the usual Selmer groups and remove Σ0 in the notation. It will be
shown later (Proposition 3.1) that the dual fine Selmer group Sel0(Q∞, E[p∞])∨ and H2

Iw(j∗T )
are isomorphic.

2.2. Kato’s main conjecture and Kobayashi’s main conjecture. For an elliptic curve
E over Q, let zKato(E) ∈ H1

Iw(j∗T ) be Kato’s zeta element for E [Kur02, Theorem 5.1] such
that

exp∗(locpzQ(E)) =
L(p)(E, 1)

Ω+
E

· ωE

where

• exp∗ : H1(Qp, T ) → cot(E/Qp) = QpωE is the Bloch–Kato dual exponential map
[Kat93, §II.1.2],
• locp : H1(QΣ/Q, T )→ H1(Qp, T ) is the natural restriction map,
• zQ(E) is the image of zKato(E) in H1(QΣ/Q, T ) via the corestriction map,

• L(p)(E, 1) = (1− ap(E) · p−1 + p−1) ·L(E, 1) is the L-value of E at s = 1 whose Euler
factor at p is removed,
• ωE is a generator of the global differentials of a minimal Weierstrass model of E, and
• Ω+

E is the real period of E (depending on ωE).

For a finitely generated torsion Λ-module M , we denote by charΛ(M) the associated charac-
teristic ideal, and by µ(M) = µ(charΛ(M)) and λ(M) = λ(charΛ(M)), the Iwasawa invariants
of M .

We consider the Iwasawa main conjecture à la Kato [Kur02, Conjecture 6.1], [Kat04].

Conjecture 2.3 (Kato’s main conjecture). Under Assumption 2.1.(1),

charΛH1
Iw(j∗T )/zKato(E) = charΛH2

Iw(j∗T )

Theorem 2.4 (Kato). Under Assumption 2.1.(1),

charΛH1
Iw(j∗T )/zKato(E) ⊆ charΛH2

Iw(j∗T ).

Notably, µ(H2
Iw(j∗T )) ≤ µ(H1

Iw(j∗T )/zKato(E)) and λ(H2
Iw(j∗T )) ≤ λ(H1

Iw(j∗T )/zKato(E)).

Proof. See [Kat04, Theorem 12.5.(4)]. �

Corollary 2.5. If the inequalities of Iwasawa invariants in Theorem 2.4 are equalities, then
Kato’s main conjecture holds.

In the good ordinary case, it is known that Conjecture 2.3 is equivalent to the usual main
conjecture with p-adic L-functions

charΛΛ/Lp(E) = charΛSel(Q∞, E[p∞])∨

and one inclusion ⊆ holds by using Theorem 2.4.
In the supersingular case, it is well-known that Sel(Q∞, E[p∞]) is never Λ-cotorsion. Kobayashi

[Kob03] introduced the notion of ±-Selmer groups, which are Λ-cotorsion, and formulated the
±-main conjecture, recalled in §4.

Conjecture 2.6 (Kobayashi’s main conjecture). Under Assumption 2.1, if E has supersin-
gular reduction at p > 3, then

charΛΛ/L±p (E) = charΛSel±(Q∞, E[p∞])∨,

respectively.
5



Theorem 2.7 (Kobayashi). Suppose that E has supersingular reduction at p > 3.

(1) Sel±(Q∞, E[p∞])∨ is a finitely generated torsion Λ-module.
(2) The following three statements are equivalent:

(a) Conjecture 2.3.
(b) The +-part of Conjecture 2.6.
(c) The −-part of Conjecture 2.6.

(3) Under Assumption 2.1.(1),

charΛΛ/L±p (E) ⊆ charΛSel±(Q∞, E[p∞])∨.

2.3. Iwasawa theoretic Euler factors. Let ` be a rational prime with ` 6= p. Let γ` be the
arithmetic Frobenius at ` in Gal(Q∞/Q). Following [GV00, (15)], the Iwasawa theoretic
Euler factor P`(E) of E at ` is defined by

P`(E) :=

 1− a`(E)`−1γ` + `−1γ2
` if ` - N

1− a`(E)`−1γ` if `‖N
1 if `2|N

in Λ and it satisfies the following equality of ideals in Λ.

Lemma 2.8 (Greenberg–Vatsal). We have

(P`(E)) = charΛ

(
∏
η|`

H1(Q∞,η, E[p∞]))∨

 = charΛ

∏
η|`

H2(Q∞,η, T )


and its µ-invariant is zero.

Proof. See [GV00, Proposition 2.4]. �

2.4. Main results and applications. We obtain the following result towards the formula-
tion of the mod p Kato’s main conjecture.

Theorem 2.9 (Main Theorem). Let E1 and E2 be elliptic curves over Q satisfying Assumption
2.1. Let Ti be the p-adic Tate module for Ei for i = 1, 2. Let Σ be a finite set of primes
containing p, ∞, and all the bad reduction primes for E1 and E2. Denote by Σ0 = Σ\{p,∞}.
Assume that E1[p] ' E2[p] as Galois modules.

(1) If Ei has good ordinary reduction at p and µ(Lp(Ei)) = 0 for one of i = 1, 2, then the
following three invariants

λ
(
H2

Iw(j∗Ti)
)

+
∑
`∈Σ0

λ (P`(Ei)) + dimFp

(
H2

Iw(QΣ/Q∞, Ti)[p]
)
,(2.1)

λ

(
H1

Iw(j∗Ti)

zKato(Ei)

)
+
∑
`∈Σ0

λ (P`(Ei)) + dimFp

(
H2

Iw(QΣ/Q∞, Ti)[p]
)
, and(2.2)

dimFp

(
Λ/(Col ◦ locp(H

1
Iw(j∗Ti)), p)

)
− dimFp

(
H2

Iw(QΣ/Q∞, Ti)[p]
)

(2.3)

are independent of i where Col is the Coleman map. In other words, all these invariants
depend only on the residual representation and Σ0.

(2) If Ei has good supersingular reduction at p and µ(L±p (Ei)) = 0 for one of i = 1, 2, then
the same conclusion holds but the third invariant is replaced by

dimFp

(
Λ/(Col± ◦ locp(H

1
Iw(j∗Ti)), p)

)
− dimFp

(
H2

Iw(QΣ/Q∞, Ti)[p]
)

where Col± is the ±-Coleman map, respectively.

Proof. The proof for the first two invariants is given in §3. Regarding the third invariant, we
give a proof for the supersingular case only since the ordinary case is easier. See §4 for the
proof. �
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Although the independence of i result for the first two invariants in Theorem 2.9 looks
similar to that in [GV00] and [Kim09], the “error” term dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

appears

due to the possible existence of non-trivial finite Λ-submodules of H2
Iw(QΣ/Q∞, T ). We need

to be more careful in stating an analogue of Conjecture 1.3.(2) and Conjecture 1.5.(2), since
the λ-invariants and the Fp-dimensions should be clearly distinguished in our setting. More
precisely, we will see that

dimFp

(
H2

Iw(QΣ/Q∞, T/pT )
)

= λ
(
H2

Iw(QΣ/Q∞, T )
)

+ dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

depends only on E[p] and Σ provided that µ
(
H2

Iw(QΣ/Q∞, T )
)

= 0. It seems difficult to

know that λ
(
H2

Iw(j∗T )
)

is constant for congruent elliptic curves of conductor N(E[p]). In
other words, we do not know whether the Iwasawa invariants themselves vary well under
congruences.

Although the error term looks mysterious, we also give an interpretation of this error term
in terms of (signed) Coleman maps by looking at the third invariant. An explicit example is
illustrated in §5.

Thanks to Theorem 2.9, we are ready to formulate the following conjecture.

Conjecture 2.10 (Mod p Kato’s main conjecture). Let zKato(E[p]) be the image of zKato(E)
in H1

Iw(QΣ/Q∞, T/pT ). With notation as above, the following statement holds.

(1) zKato(E[p]) is non-zero,
(2) λ

(
H2

Iw(QΣ/Q∞, T )
)

+ dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

is finite, and

(3) dimFp

(
H1

Iw(QΣ/Q∞, T/pT )

zKato(E[p])

)
= dimFp

(
H2

Iw(QΣ/Q∞, T/pT )
)
.

Conjecture 2.10 depends only on the residual representation and Σ. By choosing Σ0 as the
set of the primes dividing the conductor N of E, the dependence on N in Conjectures 1.3 and
1.5 and the dependence of Σ in Conjecture 2.10 are equivalent.

Theorem 2.9 recovers the main result of [KLP] for elliptic curves with supersingular reduc-
tion, but Theorem 2.9 does not follow from the main result of [KLP]. More precisely, the
stability of the difference between (2.1) and (2.2) is only considered in [KLP].

Notably, under the assumptions of Theorem 2.9, Kato’s main conjectures for E1 and E2 are
equivalent.

2.5. Conjecture A and related conjectures. In this subsection, we assume that E has
supersingular reduction at p > 3. Since the vanishing of µ-invariants of the ±-p-adic L-
functions is assumed in Theorem 2.9, we clarify the relation among the vanishing of various
µ-invariants and other conjectures.

Conjecture 2.11 (Coates–Sujatha [CS05, Conjecture A]). µ (Sel0(Q∞, E[p∞])∨) = 0.

Remark 2.12. We have µ (Sel0(Q∞, E[p∞])∨) = µ
(
H2

Iw(j∗T )
)

= µ
(
H2

Iw(QΣ/Q, T )
)

where
the first equality will be explained in Proposition 3.1 and the second one is due to [CS05, (45)
and Lemma 3.1]. Although H2

Iw(QΣ/Q, T ) depends on Σ, H2
Iw(j∗T ) is independent of Σ. It

is known that Conjecture 2.11 depends only on E[p]. See [KLP, Proposition 6.2.(1)], for
example.

Let ωn = (1+X)p
n−1 and then Φn(1+X) = ωn/ωn−1 where and Φn is the pn-th cyclotomic

polynomial. Denote by e0 = rkZE(Q) and en =
rkZE(Qn)− rkZE(Qn−1)

pn−1(p− 1)
∈ Z≥0 for n ≥ 1.

Conjecture 2.13 (Greenberg [KP07, Problem 0.7]).

charΛ(Sel0(Q∞, E[p∞])∨) =
∏

en≥1,n≥0

(
Φn(X + 1)en−1

)
.
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Conjecture 2.14 (Kurihara–Pollack [KP07, Problem 3.2]).

gcd
(
L+
p (E), L−p (E)

)
= Xe0 ·

∏
en≥1,n≥0

(
Φn(X + 1)en−1

)
Proposition 2.15 (Kurihara–Pollack [KP07, Proposition 3.3]). The conjectures of Coates–
Sujatha and Kurihara–Pollack (Conjectures 2.11 and 2.14) together imply the conjecture of
Greenberg (Conjecture 2.13).

Remark 2.16. If E[p] is a surjective Galois representation, then the conjecture of Kurihara–
Pollack (Conjecture 2.14) also implies the conjecture of Coates–Sujatha (Conjecture 2.11)
due to the Euler system argument following [Kat04, Theorem 13.4]. See the comment right
after [KP07, Proposition 3.3].

The second named author has obtained the following result with A. Lei [LS21].

Theorem 2.17 (Lei–Sujatha). Suppose that Kato’s main conjecture holds. Then µ (Sel0(Q∞, E[p∞])∨) =
0 if and only if µ

(
Λ/L±p (E)

)
= 0 for at least one sign.

To sum up, we have the following implications

Coates–Sujatha’s conjecture A
(Conjecture 2.11)

[LS21]

(0

+

��

Kurihara–Pollack’s conjecture
(Conjecture 2.14)

Euler system argument when E[p] is surj. [Kat04,Kob03]

ow

��

Greenberg’s conjecture
(Conjecture 2.13)

go VVVVVVVVVVVVVVVVVV

VVVVVVVVVVVVVVVVVV

µ

(
H1

Iw(j∗T )

zKato(E)

)
= 0

Thm 2.4

KS

µ(Sel±(Q∞, E[p∞])∨) = 0 for one of ±

ai LLLLLLLLLLLLLLLLLLLLLLLLLLLLL

LLLLLLLLLLLLLLLLLLLLLLLLLLLLL

µ(Λ/L±p (E)) = 0 for one of ±
[Kob03]

ks

Construction of Col± [Kob03]

go

The dotted implication means that it requires Kato’s main conjecture. The implication of

µ(Sel±(Q∞, E[p∞])∨) = 0 for one of ± ⇒ Conjecture A of Coates–Sujatha

follows immediately from the comparison between ±-Selmer groups and fine Selmer groups.

3. Proof of Theorem 2.9: the first two invariants

3.1. Fine Selmer groups and the second Iwasawa cohomology. We recall the following
result on the relation between dual fine Selmer groups and H2(j∗T ).

Proposition 3.1 (Kurihara, Kobayashi). Suppose that E has good reduction at p and E[p] is
surjective. As Λ-modules, Sel0(Q∞, E[p∞])∨ and H2

Iw(j∗T ) are isomorphic.

Proof. See [Kur02, §6] and [Kob03, Proposition 7.1.ii)]. �

It is immediate to observe the Σ0-imprimitive version of Proposition 3.1.

Corollary 3.2. Put Σ0 = Σ\{p,∞}. As Λ-modules, SelΣ0
0 (Q∞, E[p∞])∨ and H2

Iw(QΣ/Q∞, T )
are isomorphic.

Remark 3.3. It is known that Sel0(Q∞, E[p∞])∨ and (Sel(Q∞, E[p∞])∨)Λ-tor are pseudo-
isomorphic in our setting [Win89, KP07, Mat20]. See [Gre16] for the triviality of the finite
Λ-submodule of the latter.

From now on, we freely interchange the dual Σ0-imprimitive fine Selmer groups and the
second Iwasawa cohomology groups with Σ0 = Σ \ {p,∞}.
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3.2. Proof of Theorem 2.9: the first invariant. By Theorem 2.4, H2
Iw(j∗T ) is a torsion

Λ-module. From this, It is easy to see that H2
Iw(QΣ/Q∞, T ) is also a torsion Λ-module. If we

assume that µ
(
H2

Iw(QΣ/Q∞, T )
)

= 0, then we have equality

dimFp

(
H2

Iw(QΣ/Q∞, T )/p
)

= λ
(
H2

Iw(QΣ/Q∞, T )
)

+ dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

and both sides are finite.
Considering the p-cohomological dimension of Gal(QΣ/Q∞), we have H2

Iw(QΣ/Q∞, T )/p '
H2

Iw(QΣ/Q∞, T/pT ), so we obtain the following equality

(3.1) dimFp

(
H2

Iw(QΣ/Q∞, T/pT )
)

= λ
(
H2

Iw(QΣ/Q∞, T )
)

+ dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)
.

Thus, the independence of i of the first invariant (2.1) in Theorem 2.9 follows from Lemma
2.8 and (3.1).

3.3. Proof of Theorem 2.9: the second invariant. We briefly review the construction
of Kato’s zeta elements and sketch some results from [KLP]. Let f =

∑
n≥1 an(E)qn be

the newform corresponding to E. For convenience, write TN = H1
ét(X0(N)Q,Zp) and de-

note by Frac(Λ) the total quotient ring of Λ. Define the map zKato,N ⊗ Qp : TN ⊗ Qp →
H1

Iw(Q∞, j∗TN (1))⊗Λ Frac(Λ) by the composition

TN ⊗Qp
// H1

Iw(Q(ζp∞), j∗TN )⊗Λ Frac(Λ)

'
��

H1
Iw(Q(ζp∞), j∗TN (1))⊗Λ Frac(Λ) // H1

Iw(Q∞, j∗TN (1))⊗Λ Frac(Λ)

where the first map is the zeta morphism for the space of modular forms of tame level N
following [Kat04, §8.9], [FK23, §3], and [KLP], the second isomorphism is the Tate twist,
and the last map is the projection to the trivial Teichmüller component. Denote by zKato,N

the restriction of zKato,N ⊗ Qp to TN . It is not known that the image of zKato,N lies in
H1

Iw(Q∞, j∗TN (1)) in general. Indeed, we will see that it is true after the localization of
zKato,N at a certain maximal ideal (Proposition 3.4 below).

Let T(N) be the full Hecke algebra over Zp acting faithfully on S2(Γ0(N)) and ℘f be the
height one prime ideal of T(N) generated by T`−a`(f) for all `. Since all the objects in the map
zKato,N are T(N)-modules, we may take the quotient of zKato,N by ℘f . By [Kat04, Theorem
12.5], we obtain

zKato,E : VpE(−1)→ H1
Iw(j∗VpE) = H1

Iw(Q∞, j∗VpE) ⊆ H1
Iw(Q∞, j∗TpE)⊗Λ Frac(Λ)

where VpE = TpE ⊗ Qp and TpE is the p-adic Tate module of E. Let γ±E be a Zp-basis of
TpE(−1)±, the eigenspace of TpE(−1) with respect to complex conjugation with eigenvalue
±1, respectively. Then zKato(E) is defined by zKato,E(γ+

E + γ−E ).

Let Σ0 = Σ \ {p,∞}. Let NΣ0 = N(E[p]) ·
∏
` ` ·

∏
q q

2 where N(E[p]) is the prime-to-p

conductor of E[p], ` runs over the primes in Σ0 exactly dividing N(E[p]), and q runs over the
primes in Σ0 not dividing N(E[p]). Let m be the maximal ideal of T(NΣ0) generated by p,
T`−a`(E) for all ` 6∈ Σ0, and Uq for all q ∈ Σ0. In this case, we say that m is non-Eisenstein
if E[p] is irreducible. Note that Σ0 contains all prime divisors of N .

Proposition 3.4. Suppose that m is non-Eisenstein. Then the image of the localization of
zKato,NΣ0 at m lies in H1

Iw(Q∞, j∗TNΣ0 (1))m. In other words, we have the map

zKato,NΣ0 ,m : (TNΣ0 )m → H1
Iw(Q∞, j∗TNΣ0 (1))m

Proof. See [KLP] for a detailed proof. The fundamental input is the mod p multiplicity one
result [Wil95, Theorem 2.1] since it implies that (TNΣ0 )m is free of rank two over T(NΣ0)m. This
result applies when E has good reduction or multiplicative reduction with the p-distinguished
property. �
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For convenience, denote by Tf an integral Galois-stable lattice in (TN/℘f ) ⊗ Qp. Let

fΣ0 =
∑

n≥1 an(fΣ0)qn =
∑

n≥1,(n,NΣ0 )=1 an(E)qn be the Σ0-imprimitive eigenform of level

NΣ0 and TfΣ0 is defined similarly. We also compare two maps

zKato,E = zKato,f : Tf → H1
Iw(Q∞, j∗Tf (1)),

zKato,fΣ0 : TfΣ0 → H1
Iw(Q∞, j∗TfΣ0 (1)).

As before, zKato(fΣ0) := zKato,fΣ0 (γ+
fΣ0

+ γ−
fΣ0

) where γ±
fΣ0

is a basis of T±
fΣ0

, respectively.

Note that the zeta morphism for one modular form is given in [Kat04, Theorem 12.5].

Proposition 3.5. Suppose that m is non-Eisenstein. Then

zKato(fΣ0) =

∏
`∈Σ0

P`(E)

 · zKato(E)

up to a p-adic unit.

Proof. See [KLP] for a detailed proof. The Iwasawa theoretic Euler factors appear naturally
from the interpolation formula of Kato’s zeta elements [Kat04, Theorem 12.5]. The non-trivial
part is to show the equivalence between zKato(fΣ0) 6≡ 0 (mod p) and zKato(E) 6≡ 0 (mod p),
and Ihara’s lemma [Rib84] is essential to prove this equivalence. �

Thanks to Proposition 3.5, we define the Σ0-imprimitive Kato’s zeta element for E
by

zΣ0
Kato(E) :=

∏
`∈Σ0

P`(E)

 · zKato(E)

and its mod p variant zΣ0
Kato(E[p]) by the image of zΣ0

Kato(E) in H1
Iw(QΣ/Q∞, T/pT ). By using

Proposition 3.4, zΣ0
Kato(E[p]) is also realized as the image of zKato,NΣ0 ,m(γ+

m + γ−m ) (mod m) in

H1
Iw(QΣ/Q∞, T/pT ) where γ±m is a basis of (TNΣ0 )±m , respectively. Thus, zΣ0

Kato(E[p]) depends
only on E[p] and Σ0.

Lemma 3.6. Let Σ be a finite set of primes containing the bad reduction primes for E, p,

and ∞. Let Σ0 = Σ \ {p,∞}. Suppose that µ

(
H1

Iw(j∗T )

zΣ0
Kato(E)

)
= 0. Then we have

(1)
H1

Iw(j∗T )

(zΣ0
Kato(E), p)

,
H1

Iw(QΣ/Q∞, T/pT )

zΣ0
Kato(E[p])

, and H2
Iw(QΣ/Q∞, T )[p] are finite, and

(2) dimFp

(
H1

Iw(j∗T )

(zΣ0

Kato(E), p)

)
− dimFp

(
H1

Iw(QΣ/Q∞, T/pT )

zΣ0

Kato(E[p])

)
+ dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

= 0.

Proof. Since µ

(
H1

Iw(j∗T )

zΣ0
Kato(E)

)
= 0, we see that

H1
Iw(j∗T )

(zΣ0
Kato(E), p)

is finite. By Kato’s divisibility

(Theorem 2.4), it is not difficult to observe that H2
Iw(QΣ/Q∞, T )[p] is also finite. The conclu-

sion follows from the exact sequence

(3.2) 0 //
H1

Iw(Q∞, T )

(zΣ0
Kato(E), p)

//
H1

Iw(QΣ/Q∞, T/pT )

zΣ0
Kato(E[p])

// H2
Iw(QΣ/Q∞, T )[p] // 0.

�
10



Thanks to Lemma 2.8 and Lemma 3.6, the second invariant (2.2) in Theorem 2.9 is equal
to

dimFp

H1
Iw(Q∞, T )

(zΣ0
Kato(E), p)

+ dimFpH2
Iw(QΣ/Q∞, T )[p]

if E[p] ' E1[p] ' E2[p] and Σ contains all the bad reduction primes of E, E1, and E2.

4. The ±-Iwasawa theory and congruences

We review ±-Iwasawa theory for elliptic curves with supersingular reduction. The corre-
sponding results for elliptic curves with good ordinary reduction can be found in [GV00,Kat04].

4.1. The ±-Selmer groups and congruences. We recall the notion of±-Selmer groups and
their behavior for congruent elliptic curves due to B.D. Kim [Kob03, Kim07, Kim13, Kim09].
In [NS23], more general results are obtained without recourse to the imprimitive Selmer groups
and directly working with the residual representations by the second-named author.

Following [Kob03], we define the Zp-submodules of E(Qn,p) by

E±(Qn,p) := {P ∈ E(Qn,p) : Trn/m+1(P ) ∈ E(Qm,p) for even/odd m (0 ≤ m < n)}

respectively, where Trn/m+1 : E(Qn,p)→ E(Qm+1,p) is the trace map. Let Σ0 ⊆ Σ be a subset
of Σ not containing p or ∞. Then the Σ0-imprimitive ±-Selmer group of E over Qn is
defined by

Sel±,Σ0(Qn, E[p∞]) := ker

(
SelΣ0(Qn, E[p∞])→ H1(Qn,p, E[p∞])

E±(Qn,p)⊗Qp/Zp

)
.

We have SelΣ0(Q∞, E[p∞]) = lim−→n
SelΣ0(Qn, E[p∞]) and Sel±,Σ0(Q∞, E[p∞]) = lim−→n

Sel±,Σ0(Qn, E[p∞]),

respectively. When Σ0 = ∅, we recover usual Selmer groups and remove Σ0 in the notation,
as before.

The following result can be found in [Kim13] and [Kim09].

Theorem 4.1 (B.D.Kim). (1) If Sel±,Σ0(Q∞, E[p∞]) is Λ-cotorsion, then Sel±,Σ0(Q∞, E[p∞])
has no proper Λ-submodule of finite index.

(2) Let E1 and E2 be elliptic curves over Q satisfying Assumption 2.1. Let Σ0 be a finite
set of primes containing all the bad reduction primes for E1 and E2 and not containing
p or ∞. Assume that E1[p] ' E2[p] as Galois modules. If µ(Sel±(Q∞, E1[p∞])∨) = 0,
then µ(Sel±(Q∞, E2[p∞])∨) = 0 and

λ(Sel±(Q∞, E1[p∞])∨) +
∑
`∈Σ0

λ(P`(E1)) = λ(Sel±(Q∞, E2[p∞])∨) +
∑
`∈Σ0

λ(P`(E2)).

Remark 4.2. The Λ-cotorsion property of Σ0-imprimitive signed Selmer groups follows easily
from Theorem 2.7.

4.2. The ±-p-adic L-functions and congruences. We recall the notion of ±-p-adic L-
functions following [Pol03]. Note that our sign convention is compatible with that of [Kob03],
not that of [Pol03].

Recall that ωn = (1 + X)p
n − 1 and Φn(1 + X) = ωn/ωn−1 where and Φn is the pn-th

cyclotomic polynomial. Let ω±0 (X) := X, ω̃±0 (X) := 1, and

ω+
n = ω+

n (X) := X ·
∏

2≤m≤n,m: even

Φm(1 +X), ω−n = ω−n (X) := X ·
∏

1≤m≤n,m: odd

Φm(1 +X),

ω̃+
n = ω̃+

n (X) :=
∏

2≤m≤n,m: even

Φm(1 +X), ω̃−n = ω̃−n (X) :=
∏

1≤m≤n,m: odd

Φm(1 +X).
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Then we have ωn(X) = ω±n (X) · ω̃∓n (X), respectively. We also regard ω±n , ω̃±n as elements in
Λn or Λ via fixed isomorphisms. Also, we identify Λn = Zp[Gal(Qn/Q)] ' Zp[Gal(Qn,p/Qp)]
if necessary. Here, Qn,p is the completion of Qn at the (unique) prime lying above p.

We fix an isomorphism ZpJXK ' ZpJGal(Q∞/Q)K sending 1+X 7→ γ where γ is a topological
generator of Gal(Q∞/Q).

We also identify (Z/pn+1Z)× ' Gal(Q(ζpn+1)/Q) by sending c to σc : ζpn+1 7→ ζcpn+1 , and

then we have the following commutative diagram

(Z/pn+1Z)×
' //

'

��

(Z/pZ)× ×
(

1 + pn+1Z
1 + pZ

)
// //

(
1 + pn+1Z

1 + pZ

)
'
��

Gal(Q(ζpn+1)/Q) // // Gal(Qn/Q).

Definition 4.3. By using the above diagram, the Mazur–Tate element of E over Qn

is defined by θn(E) :=
∑

a∈Z/pnZ

[
1 + ap

pn+1

]
· σ1+ap ∈ Zp[Gal(Qn/Q)] where

[
1 + ap

pn+1

]
are the

normalized modular symbols associated to E.

The ±-p-adic L-function L±p (E) of E can be characterized by the following proposition.

Proposition 4.4 (Pollack). θn(E) ≡ ω̃∓n ·L±p (E) (mod ωn) in Λn if n is even/odd, respectively.

Proof. See [Pol03, Proposition 6.18]. �

See also [PR04, (10), (11), and (12)] for the interpolation property of the ±-p-adic L-
functions.

The following construction of ±-p-adic L-functions, using the Coleman map is due to S.
Kobayashi [Kob03, Theorem 6.2, Theorem 6.3, and §8].

Theorem 4.5 (Kobayashi). There exist the ‘n-th layer ±-Coleman maps’

Col±n : H1(Qn,p, T )→ Λn/ω
±
n

such that Col±n : H1(Qn,p, T )/ker Col±n ' Λn/ω
±
n and Col±n (locpzKato,n(E)) = θ±n (E) where

zKato,n ∈ H1(Qn, T ) is Kato’s zeta element over Qn and θ±n (E) = L±p (E) (mod ω±n ) ∈ Λn/ω
±
n .

By taking the inverse limit with respect to n, we have the ±-Coleman maps

Col± : H1
Iw(Q∞,p, T )→ Λ

such that Col± are surjective and Col±(locpzKato(E)) = L±p (E).

We briefly sketch how analytic Iwasawa invariants of modular forms at supersingular primes
vary for congruent elliptic curves. Although the results here are well-known to the experts
(e.g. [GIP]), we include the full details as they are not easily available in the existing literature.

Let f1 ∈ S2(Γ0(N1)) and f2 ∈ S2(Γ0(N2)) be the newforms corresponding to E1 and E2,
respectively. Let Σ0 be the set of finite places dividing N1 and N2. Let Σ0 be the set of primes
dividing N1 and N2 and write NΣ0 = N(ρ) ·

∏
` ` ·

∏
q q

2 where ` runs over the primes in Σ0

exactly dividing N(ρ) and q runs over the primes in Σ0 not dividing N(ρ). Let fΣ0 and gΣ0

be the Σ0-imprimitive eigenforms of f and g of level NΣ0 , respectively. Then all the Fourier
coefficients of fΣ0 and gΣ0 are congruent modulo p. The Fp-valued Hecke eigensystem induces
the maximal ideal m of the full Hecke algebra T(NΣ0) acting faithfully on S2(Γ0(NΣ0)). We
recall the mod p multiplicity one result.

Theorem 4.6. If m is non-Eisenstein, then S2(Γ0(NΣ0),Fp)m[m] ' Fp.

Proof. See [Wil95, Theorem 2.1]. �
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One consequence of Theorem 4.6 and the integral Eichler–Shimura isomorphism is that the
values of the normalized modular symbols associated to fΣ0 and gΣ0 are congruent modulo p.
Since Mazur–Tate elements are directly built out of the values of modular symbols, we obtain
congruence between Mazur–Tate elements

(4.1) θn(fΣ0) ≡ θn(gΣ0) (mod p),

In other words, they are same in Fp[Gal(Qn/Q)]. Here, θn(fΣ0) are θn(gΣ0) are defined as in
Definition 4.3 with values of modular symbols associated to fΣ0 and gΣ0 , respectively.

By using Definition 4.3 and Proposition 4.4, L±p (fΣ0) and L±p (gΣ0) can be defined easily.

Proposition 4.7. Suppose that m is non-Eisenstein. Then L±p (fΣ0) = L±p (gΣ0) (mod p),
respectively.

Proof. This follows immediately from Proposition 4.4 and (4.1), which is a consequence of
Theorem 4.6. �

The Σ0-imprimitive ±-p-adic L-functions of f is defined by L±,Σ0
p (f) :=

(∏
`∈Σ0
P`(f)

)
·

L±p (f). Using Ihara’s lemma [Rib84], the following proposition can be easily obtained.

Proposition 4.8. If m is non-Eisenstein, then L±p (fΣ0) ≡ u · L±,Σ0
p (f) (mod p) in FpJXK,

respectively, and u ∈ Z×p .

Proof. See [Kim17, §5, especially Remark 5.8]. Replacing quaternionic modular forms therein
by modular symbols, the proof is verbatim. �

The following corollary is the analytic counterpart of Theorem 4.1.(3).

Corollary 4.9. Assume m is non-Eisenstein and µ(L±p (E1)) = 0. Then µ(L±p (E2)) = 0, and

λ(L±p (E1)) +
∑
`∈Σ0

λ(P`(E1)) = λ(L±p (E2)) +
∑
`∈Σ0

λ(P`(E2)).

In particular, the Iwasawa invariants depend only on the residual representation and conduc-
tors.

Proof. By using Proposition 4.7 and Proposition 4.8, we have

L±,Σ0
p (f) ≡ L±p (fΣ0) ≡ L±p (gΣ0) ≡ L±,Σ0

p (g) (mod p)

in FpJΓK up to multiplication by an element in F×p . �

Since the mod p L-function L±p (E[p]) depend only on E[p] and N , we obtain the congruence
between the complex twisted L-values from the mod p L-function as we now explain. Fix an
isomorphism FpJΓK ' FpJXK by sending a generator γ of Γ := Gal(Q∞/Q) to X + 1. If

L±p (E[p]) 6= 0 in FpJXK, then the mod p L-function L±p (E[p]) is just Xλ where λ = λ(L±p (E)).
In terms of p-adic measures, we have the following interpretation of congruences. Let

C(Γ,Fp) be the space of Fp-valued continuous functions on Γ and define the space of Fp-valued
measures on Γ by Meas(Γ,Fp) := Homcts(C(Γ,Fp),Fp). It is easy to see that Meas(Γ,Fp) '
FpJΓK. Let χ be a Fp-valued finite order character on Γ. Let µ±

fΣ0
, µ±

gΣ0
be the p-adic

measures corresponding to the signed p-adic L-functions of fΣ0 and gΣ0 , respectively. Then
the congruence fΣ0 ≡ gΣ0 (mod p) yields

µ±
fΣ0

(χ) =

∫
Γ
χµ±

fΣ0
=

∫
Γ
χµ±

gΣ0
= µ±

gΣ0
(χ).

By using the interpolation formula of signed p-adic L-functions and Mazur–Tate elements
[Vat99, Pol03] and Proposition 4.4, the congruence between the complex twisted L-values
follows

τ(χ−1) · L
Σ0(f, χ, 1)

2πi · Ωf
≡ τ(χ−1) · L

Σ0(g, χ, 1)

2πi · Ωg
(mod p)
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where τ(χ−1) is the Gauss sum of χ−1 and Ω+
f , Ω+

g are the real canonical periods of f and g.

4.3. The connection with the ±-Iwasawa theory. We prove the independence of i for
the third invariant for the supersingular case of Theorem 2.9, which describes the p-torsion of
the second Iwasawa cohomology in terms of the ±-Coleman maps.

Assumption 4.10. Suppose that µ(L±p (E)) = 0.

By the Coleman map construction of ±-p-adic L-functions (Theorem 4.5), we have

(4.2) L±,Σ0
p (E) = Col± ◦ locp(z

Σ0
Kato(E)).

Consider the following commutative diagram

H1
Iw(j∗T )

locp
//

��

H1
Iw(Q∞,p, T )

Col± // //

��

Λ

����

H1
Iw(j∗T )

(zΣ0
Kato(E), p)

//
H1

Iw(Q∞,p, T )

(locp(z
Σ0
Kato(E)), p)

// //
Λ

(L±,Σ0
p (E), p)

and the surjectivity of the maps in the diagram follows from the surjectivity of ±-Coleman
maps (Theorem 4.5). By (4.2) and the surjectivity of ±-Coleman maps, we have

Λ

(L±,Σ0
p (E), p)

=
Λ

(Col± ◦ locp(z
Σ0
Kato(E)), p)

=
Col±(H1

Iw(Q∞,p, T ))

(Col± ◦ locp(z
Σ0
Kato(E)), p)

.

It is known that H1
Iw(j∗T ) is free of rank one over Λ under the irreducibility of E[p] [Kat04,

Theorem 12.4]. We identify H1
Iw(j∗T ) ' Λ and denote by w ∈ H1

Iw(j∗T ) the Λ-generator of

H1
Iw(j∗T ) mapping to 1 under the identification and by fz ∈ Λ the image of zΣ0

Kato(E) under
the identification. Then we have equality

Λ

(Col± ◦ locp(z
Σ0
Kato(E)), p)

=
Λ

(Col± ◦ locp(fz · w), p)

=
Λ

(fz · Col± ◦ locp(w), p)
.

Considering the Fp-dimension of
Λ

(fz · Col± ◦ locp(w), p)
, we have

dimFp

(
Λ

(fz · Col± ◦ locp(w), p)

)
= dimFp

(
Λ

(Col± ◦ locp(w), p)

)
+ dimFp

(
Λ

(fz, p)

)
.

Then we have

dimFp

(
Λ

(L±,Σ0
p (E), p)

)

= dimFp

(
Λ

(Col± ◦ locp(H1
Iw(j∗T )), p)

)
+ dimFp

(
H1

Iw(j∗T )

(zΣ0
Kato(E), p)

)

= dimFp

(
Λ

(Col± ◦ locp(H1
Iw(j∗T )), p)

)
+ dimFp

(
H1

Iw(QΣ/Q∞, T/pT )

zΣ0
Kato(E[p])

)
− dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

(4.3)

where the first equality follows from the above computation and the second equality follows
from (3.2). Following [Kob03, Theorem 7.3], we have an exact sequence

0 //
H1

Iw(Q∞,p, T )

H1
Iw,±(Q∞,p, T ) + locp

(
H1

Iw(j∗T )
) // Sel±,Σ0 (Q∞, E[p∞])∨ // SelΣ0

0 (Q∞, E[p∞])∨ // 0
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where H1
Iw,±(Q∞,p, T ) = ker(Col±) and locp

(
H1

Iw(j∗T )
)

is the image of H1
Iw(j∗T ) under the

localization map. Following [Kob03, Theorem 6.2], the ±-Coleman maps induce isomorphisms

H1
Iw(Q∞,p, T )

H1
Iw,±(Q∞,p, T ) + locp

(
H1

Iw(j∗T )
) ' Λ/Col± ◦ locp

(
H1

Iw(j∗T )
)
.

Thus, we also have

dimFp

(
Sel±,Σ0(Q∞, E[p∞])[p]∨

)
= dimFp

(
Λ/(Col± ◦ locp(H

1
Iw(j∗T )), p)

)
+ dimFp

(
H2

Iw(QΣ/Q∞, T/pT )
)

− dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)
.

(4.4)

Since all the terms in (4.3) and (4.4) except

dimFp

(
Λ/(Col± ◦ locp(H

1
Iw(j∗T )), p)

)
− dimFp

(
H2

Iw(QΣ/Q∞, T )[p]
)

depend only on T/pT and Σ.

5. An example

We examine how Theorem 2.9 applies to a numerical example in [Hat17, §5.1]. Fix a prime
p = 5. Let

• E1 : y2 + xy + y = x3 − x− 1 (LMFDB label 69.a1)
• E2 : y2 + xy + y = x3 + 130884x− 59725523 (LMFDB label 897.f2)

Then both elliptic curves have supersingular reduction at 5. Also, E1[5] ' E2[5] and it is a
surjective mod 5 Galois representation. We put Σ0 = {3, 13, 23}. For an elliptic curve E,
Tam(E) means the product of all Tamagawa factors of E. Since we have

5 -
L(E1, 1)

Ω+
E1

· Tam(E1),

both Sel0(Q, E1[p∞]) and Sel0(Q∞, E1[p∞]) are trivial by applying [Kur02, Proposition 5.2].
From this, we obtain µ

(
H2

Iw(j∗T1)
)

= λ
(
H2

Iw(j∗T1)
)

= 0 and

dimF5

(
H2

Iw(QΣ/Q∞, T1)[5]
)

= 0.

Since the conductors only differ by 13, it suffices to observe the behavior of P13(E1) and
P13(E2). Since 13 ≡ 3 (mod 5), 13 is inert in Q∞/Q. Also, E1 has a good reduction at 13
and E2 has a split multiplicative reduction at 13. By using [GV00, Proposition 2.4], we have
λ(P13(E1)) = 2 and λ(P13(E2)) = 1. On the other hand, E2 has analytic rank one and the
Tamagawa factor is (exactly) divisible by 5. By using Theorem 2.9, we are still able to obtain

λ
(
H2

Iw(j∗T2)
)

+ dimF5

(
H2

Iw(QΣ/Q∞, T2)[5]
)

= 1.

In this setting, the Iwasawa main conjecture holds for E1, so the same holds for E2. Thus, we
also have

λ

(
H1

Iw(j∗T2)

zKato(E2)

)
+ dimF5

(
H2

Iw(QΣ/Q∞, T2)[5]
)

= 1.

Regarding the third invariant, [Kur02, Proposition 5.2] also shows that

dimF5

(
Λ/(Col± ◦ loc5(H1

Iw(j∗T1)), 5)
)

= 0

since H1
Iw(j∗T1) is generated by zKato(E1). Thus, we have

dimF5

(
Λ/(Col± ◦ loc5(H1

Iw(j∗T1)), 5)
)
− dimF5

(
H2

Iw(QΣ/Q∞, T1)[5]
)

= 0.

Theorem 2.9 shows that

dimF5

(
Λ/(Col± ◦ loc5(H1

Iw(j∗T2)), 5)
)
− dimF5

(
H2

Iw(QΣ/Q∞, T2)[5]
)

= 0.
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